Appendix A

Simultaneous Equations
and Matrix Inversion

In circuit analysis, we often encounter a set of simultaneous equations
having the form

ayx; + apx, + o+ agx, = by

ax X + axpx, + o+ axx, = by (A1)

ap1Xg + Ap2Xo + ot AppXp = bn

where there are n unknown xi, x, ..., X, to be determined. Equation
(A.1) can be written in matrix form as
app dip ... Ay, X by
ar1 dxp - ayy, X2 bz
. . 7 R (A.2)
ayy Ay s [ Xn bn
This matrix equation can be put in a compact form as
AX =B (A.3)
where
ap dip ... dyy X1 b,
ar1 dxp e [25) X2 b2
A= . . 7, X=1| 71| B=| . (A4d)
ayy Ap2 s Ann Xn bn

A is a square (n X n) matrix while X and B are column matrices.

There are several methods for solving Eq. (A.1) or (A.3). These
include substitution, Gaussian elimination, Cramer’s rule, matrix inver-
sion, and numerical analysis.

A.1 Cramer’s Rule

In many cases, Cramer’s rule can be used to solve the simultaneous equa-
tions we encounter in circuit analysis. Cramer’s rule states that the solution
to Eq. (A.1) or (A3) is

_A
X1 = A
Ay
=—= A.5
X2 ' A ( )
A
X, = A
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where the A’s are the determinants given by
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app dpn ayp by ap ayp
dp) Ao Az, by ax Az,
A = . . . Al = . . .
apr Apo Ann bn (0%) [
ay by ayp app dp b,
A, = ax b, Az, A = dp) dpp b,
2 = . . N EIEE) n . . .
ap brz App app Apo bn

(A.6)

Notice that A is the determinant of matrix A and A is the determi-
nant of the matrix formed by replacing the kth column of A by B. It
is evident from Eq. (A.5) that Cramer’s rule applies only when A # 0.
When A = 0, the set of equations has no unique solution, because the
equations are linearly dependent.

The value of the determinant A, for example, can be obtained by
expanding along the first row:

app dip a3 aip
azyp dzy dx3 azp

A =lasy axn as asz, (A7)
ay1 Auy 4p3 Apn

= 1+
=ayMy, — apMiy + asMiz + -+ (= 1) ay M,

where the minor M;; is an (n — 1) X (n — 1) determinant of
the matrix formed by striking out the ith row and jth column. The
value of A may also be obtained by expanding along the first
column:

A =ay My — ayMy, + ay Mz + - + (_l)n+larlenl (A.8)

We now specifically develop the formulas for calculating the deter-
minants of 2 X 2 and 3 X 3 matrices, because of their frequent occur-
rence in this text. For a 2 X 2 matrix,

app dpz
A= = d11dpyy — 424z (A9)
daz; Az
For a 3 X 3 matrix,
app dpp as a u u u
_ _ 2| @22 d23 3| 412 13
A =lay axn axz| = ap(—1) + ay (=1
a3y dsz3 Azy dsz3
as; dzz dzz
a a
4| d12 413
+ az (—1)
Az dn3

= a11(ax0a3z3 — a3a23) — ax1(a12a33 — a3»a;3)

+ azi(apax; — axaz)

(A.10)



One may use other methods, such

as matrix inversion and elimination.

Only Cramer’s method is covered

here, because of its simplicity and
also because of the availability of

powerful calculators.
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An alternative method of obtaining the determinant of a 3 X 3 matrix
is by repeating the first two rows and multiplying the terms diagonally
as follows.

= a11ax0a33 t 21032013 t A31012023 — A13020031 — Ax3A37247
— a33dj2ds) (A.11)

In summary:

The solution of linear simultaneous equations by Cramer’s rule boils
down to finding

X = —— k=1,2,...,n (A.12)

where A is the determinant of matrix A and A, is the determinant of
the matrix formed by replacing the £th column of A by B.

You may not find much need to use Cramer’s method described in
this appendix, in view of the availability of calculators, computers, and
software packages such as MATLAB, which can be used easily to solve
a set of linear equations. But in case you need to solve the equations
by hand, the material covered in this appendix becomes useful. At any
rate, it is important to know the mathematical basis of those calcula-
tors and software packages.

Example A.1

Solve the simultaneous equations

4x; — 3x, = 17, —3x; + 5x, = =21

Solution:
The given set of equations is cast in matrix form as

M

The determinants are evaluated as

4 =3
A= —4x5—(=3)(=3) =11
. (=3)(-3)
17 =3
= = X — (— — =
A=, 5‘ 17 X 5 — (=3)(=21) = 22
A=l Y Vo oy - 17 x (=3) = 33
S ER )|
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Hence,

A-3

Find the solution to the following simultaneous equations:

3X| — X = 4, —6x1 + 18)62 =16

Answer: x; = 1.833,x, = L.5.

Practice Problem A.1

Determine x, x,, and x3 for this set of simultaneous equations:
25.X1 - SX2 - 20.X3 =50
_le + 10.X2 - 4X3 =0
_le - 4x2 + 9.X3 =0

Solution:

In matrix form, the given set of equations becomes
25 =5 =20 || x; 50
=5 10 —4||xn|=|0
=5 —4 910Lx; 0

We apply Eq. (A.11) to find the determinants. This requires that we
repeat the first two rows of the matrix. Thus,

25 =5 -20
A=|-5 10 —4|=
-5 —4 9

25(10)9 + (=5)(=H(=20) + (=5)(=5(—4)
= (720)(10)(=5) — (=4)(—=4)25 — I(=5)(—5)
= 2250 — 400 — 100 — 1000 — 400 — 225 = 125

Similarly,
50 =5 =20
A;=]0 10 —4|=
0 —4 9

=4500+0+0—0—800 —0=3700

Example A.2
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25 50 —-20
AQ =|-5 O _4 =
-5 0 9

0+ 0+ 1000 — 0 — 0 + 2250 = 3250

=5
25 =5 50
Ay=|-5 10 0|=
-5 =4 0 — +
— 10 +
- +

=0+ 1000 + 0 + 2500 — 0 — 0 = 3500

Hence, we now find

_A 3700
UTA T s T
A, 3250
BTA T s
A, 3500
=—=——=2
BTN T s B
Practice Problem A.2 Obtain the solution of this set of simultaneous equations:

3x1 _X2_2X3: 1
0
—2x; — 3x, + 6x3 =6

—X + 6.X2 - 3.X3

Answer: x; = 3 = x3,x, = 2.

A2 Matrix Inversion

The linear system of equations in Eq. (A.3) can be solved by matrix
inversion. In the matrix equation AX = B, we may invert A to get X,
i.e.,

X=A'B (A.13)

where A7! is the inverse of A. Matrix inversion is needed in other
applications apart from using it to solve a set of equations.
By definition, the inverse of matrix A satisfies

ATTA=AA"=1 (A.14)
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where I is an identity matrix. A~' is given by

A1 AdA (A.15)
~ detA )

where adj A is the adjoint of A and det A = |A] is the determinant of
A. The adjoint of A is the transpose of the cofactors of A. Suppose we
are given an n X n matrix A as

ayp dip Ay
dpyy dpyp "7 dp

A = : " (A.16)
apl Ay " Ay

The cofactors of A are defined as

Ci1 Ci2 "7 Cip
€1 €2 "0

C=cof(A) =] ° g (A.17)
Cnl Cn2 "7 Cyp

where the cofactor ¢;; is the product of (=1 and the determinant
of the (n — 1) X (n — 1) submatrix is obtained by deleting the
ith row and jth column from A. For example, by deleting the first
row and the first column of A in Eq. (A.16), we obtain the cofactor
¢y as

App dzz """ doy,
a a Tt dry,
en = (I (A.18)
App Aup3z """ Ay
Once the cofactors are found, the adjoint of A is obtained as
-
Ci1 Ci2 7 Cip
. Cry Cap 't C
adj(A) = | ' 7% | =T (A.19)
Cnl Ch2 "7° Cyp

where T denotes transpose.
In addition to using the cofactors to find the adjoint of A, they are
also used in finding the determinant of A which is given by

Al = D ajc (A.20)
j=1

where i is any value from 1 to n. By substituting Egs. (A.19) and (A.20)
into Eq. (A.15), we obtain the inverse of A as

CT

ATl =—
Al

(A.21)

For a 2 X 2 matrix, if

a b
A= L d} (A.22)

A-5
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its inverse is

1 {d —b 1 d —b
A= — =— A.23
A{—c a} aa’—bc{—c a} (4-23)

For a 3 X 3 matrix, if

ay djp g3
A= ar1 drp dp3 (A.24)
Ld31 d3zz ds3

we first obtain the cofactors as

Ci1 Ci2 €13
C = Cr1 Cop (23 (A.25)

LC31 C32 (33

where
. |Gz azs o _|921 az3 o _|921 a2z
11 = s Ci2 = — s C13 = >
a3y A3z azp dszz az; dzp
. a2 dis o _ |91 dis . _ |4 dn2
2 - > Caxp = > Cx3 = — >
sy a3z daz; dsz dz; dzp
_|d12 a3 o ay dg3 _ |41 drz
C31 = s C3p = — s C33 =
Az dn3 az; ds3 azp Az
(A.26)

The determinant of the 3 X 3 matrix can be found using Eq. (A.11).
Here, we want to use Eq. (A.20), i.e.,

‘A‘ = a1y + ai2Ci2 + apzCi3 (A.27)

The idea can be extended n > 3, but we deal mainly with 2 X 2 and
3 X 3 matrices in this book.

Example A.3

Use matrix inversion to solve the simultaneous equations

2.76'1 + IOX2 = 2, —X1 + 3.7C2 =17

Solution:
We first express the two equations in matrix form as

ST
—1 3 X2 7
AX=B—X=A"'B

=l S x=[) w0

The determinant of A is [A| =2 X 3 — 10(—1) = 16, so the inverse

of A is
Al :1[3 —10]
161 2

or

where
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Hence,

i I

ie, x; = —4and x, = 1.

A-7

Solve the following two equations by matrix inversion.

2yp =y =4, y+3,=9

Answer: y, = 3,y, = 2.

Practice Problem A.3

Determine x,, x,, and x5 for the following simultaneous equations using
matrix inversion.

xl+)C2+X3:5

—X + 2.X2 =9
4_X1 + Xy — X3 = -2
Solution:
In matrix form, the equations become
11 L[] x 5
-1 2 0f|x|= 9
4 1 1] [Lx3 =2
or
AX=B—X=A""B
where
1 X1 5
A=|-12 0}, X=1x|, B = 9
4 1 -1 X3 =2

We now find the cofactors

Ci11 = ‘? _(1)’ 2, cip ‘ le _(1)‘ =-Lecgs _‘ le ?‘ =-9
1 1 1 1 I 1
@:_L—J_l%_h—ﬂ__i %__LJ:3
11 11 11
€31 = ‘2 0‘ = -2, = ‘_1 0’ =1, ¢33 ‘ 1 2’ =3

Example A.4
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The adjoint of matrix A is

-2 -1 —9717 -2 2 =2
adfA=| 2 -5 3| =|-1 -5 -1
-2 -1 3 -9 3 3

We can find the determinant of A using any row or column of A. Since
one element of the second row is 0, we can take advantage of this to
find the determinant as

|A| = _1C2] + 2C22 + (0)C23 = _1(2) + 2(_5) = _12
Hence, the inverse of A is
| -2 2 =2
ATl=—o -1 =5 -1
—12
-9 3 3
) -2 2 =2 5 -1
)(zzrllsz_—12 -1 =5 -1 9= 4
-9 3 3 -2 2
i.e., X1 = l,xz = 4, X3 = 2.

Practice Problem A.4

Solve the following equations using matrix inversion.

yi—y; =1
2y + 3y, —y3 =
Yi— Y2~ y3=3

Answer: y, = 6,y, = —2,y; = 5.
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